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Abstract
A new kind of six degree-of-freedom teaching manipulator without actuators is designed, for recording and conveniently setting
a trajectory of an industrial robot. The device requires good gravity balance and operating force performance to ensure being
controlled easily and fluently. In this paper, we propose a process for modeling the manipulator and then the model is used to
formulate a multi-objective optimization problem to optimize the design of the testing manipulator. Three objectives, including
total mass of the device, gravity balancing and operating force performance are analyzed and defined. A popular non-dominated
sorting genetic algorithm (NSGA-II-CDP) is used to solve the optimization problem. The obtained solutions all outperform the
design of a human expert. To extract design knowledge, an innovization study is performed to establish meaningful implicit
relationship between the objective space and the decision space, which can be reused by the designer in future design process.
Keywords: Teaching manipulator design, Robot modeling, Multi-objective optimization, Innovization
1. Introduction
For manufacturers who run for customized production, de-
signing and setting manipulator trajectories in the programming
system is a tedious and time-consuming task, because trajec-
tories need to be redesigned and reset frequently to adapt to
different applications in a flexible production line. To simplify
the process, a teaching manipulator with six-degree-of-freedom
(6-DOF) is designed in this paper. The device is designed for
recording trajectories and teaching a real robot to accomplish
the task, as shown in Fig. 1. With its help, operators can conve-
niently set a proper trajectory through conducting the teaching
manipulator to finish the task for the first time. Then a real
robot or a batch of robots will follow the speed and the trajec-
tory of the teaching robot to accomplish the task for many other
products. A teaching manipulator with lighter weight and better
operating performance is always required. However, the human
expert cannot ensure the best performance in his or her design.
Robot design automation is a systematic process of design opti-
mization that can help to achieve a better design of the teaching
manipulator.
Robot design automation is an emerging technology involv-
ing systematic modeling and optimization efforts. Kinemat-
ics, dynamics and stiffness are usually considered in modeling
robots or other mechanical systems. A lot of progress has been
made in this direction. For example, Pettersson et al [1] built
up a model of the drive chain of light weight robotic arm for
optimizing is design. Citalan-Lara et al [2] proposed analytical
modeling of the mechanism, the controller and the servo drive
subsystem of a kind of manipulator and optimized the manip-
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ulator with six objectives simultaneously. The research of par-
allel robot modeling and optimization has also made progress.
Qin et al [3] proposed a two-staged model for parallel mech-
anism with a rigid and a compliant platform. Laski et al [4]
designed and analyzed a kind of 3-DOF tripod parallel manipu-
lator. Yao et al [5] established the dynamic driving force model
of the a parallel manipulator with redundant actuation. To fully
integrate advantages of both the serial and parallel robot struc-
tures, hybrid robots or robotic machine was developed. Gao et
al [6, 7] made a detailed analysis of a hybrid robotic machine
tool and optimized its dimensional parameters.
Design optimization is an essential sub-process in design au-
tomation. Engineering solutions are expected to achieve good
performance in a number of aspects, while satisfying various
constraints at the same time. Therefore, multi-objective opti-
mization algorithms are widely used to search for a group of
non-dominated solutions, namely, Pareto-optimal front, consid-
ering the tradeoff among multiple objectives at the same time.
Different algorithms is designed for solving robot optimization
problem. Coello et al [8] used a new genetic algorithm(GA)-
based multi-objective optimization technique to optimize the
counterweight balancing for a serial robot. Gao et al [6] con-
ducted an optimization study of system stiffness and dexterity
for the parallel mechanism using multi-objective optimization.
Zhang et al [9] used a multi-objective optimization algorithm
for optimizing a bio-inspired parallel manipulator design. Li
and Xu [10] proposed a GA-based multi-objective optimization
approach to optimize a kind of cable-driven parallel manipula-
tor. jamwal et al [11] used NSGA-II to optimize a kind of reha-
bilitation robot considering six different performances and the
botained solutions is better than the results obtained from sigle
objective optimization and preference-based optimization.
The multi-objective optimization is not only for providing
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Figure 1: The operator controls the teaching manipulator to record the trajectory. The motion data is saved in the computer and used for command the real
manipulator for manufacturing.
design candidates of the problem, but also for providing de-
sign principles among optimal trade-off solutions. Innovization
study is first proposed by Deb and Srinivasan [12], with the
purpose to establish meaningful knowledge between objective
functions and design variables. The knowledge can provide a
deeper understanding about how the variables of the optimal
solutions interact, which can help the designer acquire design
insights. A robot gripper optimization problem [13] is used as
an example to conduct research on innovization study by Datta
et al [14]. A further research performs the innovization study
on the modified gripper model considering different actuators
models [15, 16]. Besides the gripper model, Deb et al [17] also
studied innovization with three other engineering problems.
As a case study, we perform modeling, structure analysis
and optimization for a teaching manipulator with six degrees
of freedom. Three performances, including total mass of the
device, the maximal value of operating force and the differ-
ence between the maximum and minimum of operating force
are treated as the objectives, constrained by the condition of
gravity balancing in the paper.
The rest of the paper is organized as follows. In section
2 The conceptual design of the teaching manipulator is de-
scribed. Section 3 proposes the configuration design. In section
4, balancing and operating force analysis and modeling are con-
ducted, and condition of balancing and operating force is de-
rived. In section 5, the objectives about and constraints are for-
mulated. Section 5.4 explains the multi-objective optimization
algorithm, and compares the optimal solutions with the original
human expert design. An innovization study for the solutions
is also conducted. Finally, we summarize the contributions and
discuss some future work of the paper in section 6.
2. Conceptual design
The teaching manipulator considered in this paper has six de-
grees of freedom (DOF), two DOF at the shoulder, one at the
elbow and three at the wrist, as depicted in Fig. 2. The link
lengths of the manipulator are fixed. Six encoders are mounted
Figure 2: A 6-DOF teaching manipulator
for recording the angle position of each joint. It should be noted
that there are no any actuators in the manipulator, which means
that operators need to control it manually in the teaching pro-
cedure. To reduce the load of the operators, some structures
are specially designed, including two counterweights at Joint 3
and 5, one pneumatic balancer at Joint 2 and three fiction disks
inside Joint 1-3, in order to keep gravity balance in as many
positions as possible in the workspace.
To avoid requiring large space for rotation, instead of a coun-
terweight at Joint 2, a pneumatic balancer is equipped. The bal-
ancer is an pneumatic cylinder with a spring mounted inside,
as depicted in Fig. 3. When the device works, the pneumatic
cylinder needs to connect with an air pump with stable pres-
sure. Then the balancer can provide a constant force to press
the spring. The combination of the cylinder and the spring force
is the drafting force against the loads. The drafting force can be
considered as a linear force, proportional to the extension length
of the balancer.
The counterweights and balancer alone may still fail to pro-
vide a satisfactory balancing effect in some positions. That is
2
Figure 3: The structure of balancer
Figure 4: The inner structure of Joint 1
why the friction disks are set in Joint 1-3, providing extra re-
sisting moments to address the imbalance problem adaptively.
The physical realization of Joint 1 is illustrated in Fig. 4. The
springs press the iron disks and the friction disk set in the mid-
dle. The friction between the disks provides the resisting mo-
ment against the imbalance. The friction moment can be ad-
justed via changing the pressing force of the springs.
3. Configuration Design
The paper discusses optimizing the design of a kind of teach-
ing manipulator using multi-objective evolutionary algorithm.
According to the industrial requirement, the structure should
ideally keep gravity balance in any position in its workspace,
which is treated as a constraint. The multi-objective optimiza-
tion considers the following three conflicting objectives to min-
imize: 1) the total mass of the device, 2) the maximal mag-
nitude of the operating force and 3) the maximal difference
between the maximal and the minimal operating force in a rep-
resentative trajectory.
3.1. Design variables
Nine design variables are considered in the optimization
problem, which is
X = (mA,mB, LA, LB, k,Hb,T1,T2,T3)T
where mA, mB denote the masses of the two counterweights,
LA, LB denote the distances between the centres of the mass of
Figure 5: Design variables and related parameters
the counterweights and the rotation axis of the joints, namely,
the lengths of the connecting rods of the counterweights. k is
the stiffness coefficient of the spring inside the balancer, Hb is
the length of a vertical virtual link between the lower attach-
ment point and the rotation axis of Joint 2. Ti (i = 1, 2, 3 ) is
the torque needed to overcome the moment of the disk friction
and rotate Joint i. In gravity balancing condition, Ti is approx-
imately equal to the moment of the disk friction, therefore we
treat Ti as the moment of the disk friction. A schematic of the
configuration of variables is shown in Fig. 5.
Other related parameters are also illustrated in Fig. 5. mi is
the mass of Joint i, mLi and Li is the mass and the length of Link
i. It is assumed that the density of each link is uniform, there-
fore the centres of mass are in the middle of the links. The mass
per unit length of the connecting rod are ρA and ρB, respectively.
3.2. D-H parameters
The forward kinematics of the teaching manipulator is for-
mulated based on the Denavit-Hartenberg (D-H) convention
[18]. The coordinate frames oixiyizi (i = 1, 2, · · · , 6) are as-
signed based on the sketch of the manipulator, which is shown
in Fig. 6. The D-H parameters are defined and listed in Table
1. We assume that the end effector and Joint 6 share the same
coordinate frame.
Table 1: D-H Parameters of the robotic arm.
Jointi αi ai di θi
1 pi/2 0.160 0 q1
2 0 0.790 0 q2
3 pi/2 0.155 0 q3
4 −pi/2 0 0.995 q4
5 pi/2 0 0 q5
6 0 0 0 q6
3
Figure 6: Manipulator coordinate system
4. Structure analysis
4.1. Balancing
In the design, two counterweights, one balancer and three
friction disks are used for balancing. Three joints with rota-
tional axis, namely, Joint 2, 3 and 5, which are parallel to the
horizontal plane are needed to design the balancing structure.
There is an extra friction disk setting in Joint 1 for the adjust-
ment of operating force performance. Let G j be the gravita-
tional moment reacting at the axis of Joint j, while P j be the
moment provided by the counterweight and its connecting rod
or the balancer, reacting at the axis of Joint j.
At Joint 5, a counterweight is designed for balancing the
gravity of the Link 5 and Joint 6. The masses of the coun-
terweight and the connecting rod, with homogeneous density
are considered. Here we have the balancing equation, which
is G5 = P5. However, it is difficult to satisfy an equality con-
straint. In industrial reality, it is not necessary to making it
equal, because the operator can handle small imbalance in the
wrist through the manually operable handgrip. Therefore, un-
der 5% imbalance is allowed. Then we can specify this using
an inequality constraint, which is
|G5 − P5| ≤ 5%G5 (1)
where
G5 = (m6 + mL5)gL5 cos q5 (2)
P5 = (mAgLA +
L2AρAg
2
) cos q5 (3)
where m6, mL5 are the masses of Joint 6 and Link 5, L5 is the
length of Link 5, ρA is linear density of the connecting rod,
which connects counterweight A and the shelter of Joint 5, g is
the gravitational acceleration and we take g = 9.8m/s.
At Joint 3, a counterweight and a friction disk are used for
balancing the gravity. The friction disk can provide a static
frictional moment which correspondingly increases as the im-
balance moment increased, until the disk starts to rotate. If the
disk rotates, the moment becomes a kinetic frictional moment,
which can be treated as a constant. Because the disk moves with
a low velocity, the kinetic frictional moment is approximately
equal to the static frictional moment. Therefore, we have the
following balance equation, which is
max
q3
|G3 − P3| ≤ T3 (4)
where
G3 ={(mA + m6 + mL5 + m5 + LAρA)(L3 + L4)g
+ m4gL3 +
mL3gL3
2
+
(2L3 + L4)mL4g
2
} cos q3
(5)
P3 = (mBgLB +
L2BρBg
2
) cos q3 (6)
where mL3 is the mass of Link 3.
At Joint 2, a balancer and a friction disk are mounted for
balancing. As Link 2 rotates about Joint 2, the balancer, Link 2
and a virtual link EF make up a triangle 4EFG, which is shown
in Fig. 7. Lk is the total length of the balancer. Fk is the drafting
force of the balancer in a given position, which can balance the
equivalent mass Mn acting on point G. We can figure out the
length of the balancer based on the triangle relation, which is
Lk =
√
H2b + L
2
2 − 2HbL2 cos (pi/2 − q2) (7)
where q2 is the rotation angle of Joint 2. The drafting force
of the balancer is linearly proportional to the variation of the
balancer length. The shortest length of the balancer appears
when Link 2 is in vertical position. In this situation, 4EFG
becomes a line and the length of the balancer is
Lk0 = L2 − Hb (8)
Thus,
Fk = k(Lk − Lk0) − b (9)
where b is the constant force provided by the cylinder.
In Fig. 7, there are three forces reacting at Link 2. FE points
along Link 2. Only when the resultant force of Fk and the equiv-
alent gravity Meg are aligned with Link 2, Link 2 can be in
equilibrium. From the law of sine, we have the relation that
sin (pi/2 − q2)
Lk
=
sinα
Hb
(10)
where α is the angle of ∠FGE, shown in Fig. 7. Thus, the
moment provided by the balancer is
P2 = L2Fk sinα (11)
With Eq.(7)-(10), we can simplify Eq.(11)
P2 = kHbL2 cos q2 +
(k(Hb − L2) − b)HbL2 cos q2√
H2b + L
2
2 − 2HbL2 sin q2
(12)
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Figure 7: Force analysis of Link 2
Because the mass of Link 2 is homogeneous, the gravita-
tional moment of Link 2 is 12mL2gL2, which is equivalent to
the moment produced by half of m2 at point G. The mass of the
balancer is not considered in the structure because it is much
smaller than the equivalent payload acting at point G. Thus, we
can formulate G2, which are
G2 = MegL2 cos q2 (13)
Me is the equivalent mass.
Me =
6∑
i=3
mi + mA + mB + LAρA + LBρB
+ mL3 + mL4 + mL5 +
1
2
mL2
(14)
Therefore, the value of the imbalanced moment can be formu-
lated as follows.
|G2 − P2| =|(Meg − kHb)L2 cos q2
+
(k(Hb − L2) − b)HbL2 cos q2√
H2b + L
2
2 − 2hbL2 cos q2
| (15)
We expect to minimize the operating force with balanc-
ing constraints, so the balancing condition without fiction disk
should be considered first because the operating force is zero in
an ideal situation. Then we introduce the disk friction to keep
balance in non-ideal cases. The ideal gravity balance conditions
of teaching manipulator should be independent to the position
of the joints. Thus, weather the equality
|G2 − P2| = 0 (16)
is satisfied should be independent to q2.
Observe Eq.(15), only when
k(L2 − Hb) − b = 0 (17)
Meg − kHb = 0 (18)
cosq2 is eliminated and Eq.(16) is satisfied in any rotational
angle.
Now we consider the real situation with error. Because of the
errors of manufacturing and assembly, the device usually fails
to keep balance, therefore the fiction disk is mounted for keep
gravity balance from the error. Thus, we have
|G2 − P2| ≤ T2 (19)
With the errors, Eq.(17) can be still satisfied by adjusting the
force of the pneumatic cylinder b, however, Eq. (18) is difficult
to be satisfied because the parameters are all related to manu-
facturing and assembly. Thus, we have
|G2 − P2| =|(Meg − kHb)L2 cos q2|
=|Meg − kHb|L2| cos q2| (20)
The maximal value of |G2−P2| can be obtained when | cos q2| =
1. Thus, we have
max
q2
|G2 − P2| = |Meg − kHb|L2 ≤ T2 (21)
4.2. Total mass of the device
Minimizing the total mass of the device is expected, because
lighter weight usually means lower cost and lower power con-
sumption. The mass of the six joints, five links, two counter-
weights and their connecting rods are all considered. Here we
have the total mass equation as follows.
M =
6∑
i=1
mi +
5∑
p=1
mLp + mA + mB + LAρA + LBρB (22)
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4.3. Operating force analysis
It is expected that the manipulator can be manually controlled
using minimal operating force, and with minimal variation of
the operating force along a trajectory. We need to analyze the
relation between the operating force and the joint moments.
Let [F] = [ fx, fy, fz,mx,my,mz]T be the spatial force vec-
tor of the end effector in the end-effector frame, where fr
(r = x, y, z) is the force along r axis and mr is the moment about
r axis. Let [τ] = [τ1, τ2, τ3, τ4, τ5, τ6]T be the torque vector of
the six joints, where τi (i = 1, 2, 3, · · · , 6) is the torque at Joint
i. Here we have the equation,
[τ] = [J]T [F] (23)
where [J]T is the Jacobian matrix in the base coordinate sys-
tem. To generate a moment and overcome the friction moment
[τ] = [T1,T2,T3, 0, 0, 0]T , an operating force and moment [F]
is needed, which is
[F] = ([J]T )−1[τ] (24)
When the end effector moves along a trajectory, we equally di-
vide the trajectory into N segments. We can figure out [J] for
each segment, and then the the spatial force vector [F]. Be-
cause the operating moment reacts at the wrist with small load,
only the module of operating force Fc(X, t) is considered in this
case. Thus,
Fc(X, t) =
√
f 2x (x, t) + f 2y (x, t) + f 2z (x, t) (25)
5. Problem formulation
The goal of the optimization problem is to optimize ob-
jective functions simultaneously by satisfying the gravity bal-
ance constraints. The vector of nine design variables is X =
(mA,mB, LA, LB, k,Hb,T1,T2,T3)T , where mA, mB, LA, LB are
the variables about the two counterweights, k, Hb are about the
balancer and the rest are about the three friction disks. Details
of objective functions and constraints will be given in the fol-
lowing subsections.
5.1. Objective functions
Three objectives are considered, which are to minimize the
total mass of the device, the maximal operating force and the
maximal difference of the maximal and minimal operating force
in a trajectory.
5.1.1. Total mass
Based on Eq.(22), the objective function can be written as
f1(x) = M (26)
5.1.2. Maximal operating force
It is a bilevel optimization problem, which contains two lev-
els of optimization tasks [19]. Bilevel optimization problem
is difficult to handle, because only the optimal solutions of
the lower level optimization problem are considered as feasible
candidates of the upper level optimization problem. We prefer
to minimize the maximal operating force in a trajectory to en-
sure that an operator can easily maneuver the device. Based on
Eq.(24) and Eq.(25), the objective function can be written as
f2(x) = max
t
Fc(X, t) (27)
5.1.3. Variation of operating force
Large variation of operating force can disrupt a normal oper-
ation. The third objective is to minimize the difference between
the maximum and minimum of operating force, which can be
formulated as
f3(x) = |max
t
Fc(X, t) −min
t
Fc(X, t)| (28)
Again, the third objective indicateds a bi-level optimization
problem. Because of the bilevel optimization formulas, the op-
timal solutions are not easy to be discovered in traditional step-
by-step design procedure. As a result, muiti-objective optimiza-
tion algorithm is used in this work.
5.2. Constraints
The constraints are mainly about balance conditions and the
bounds of the design variables. The constraints can be derived
as follows:
|G5 − P5| ≤ 5%G5
max
q3
|G3 − P3| ≤ T3
max
q2
|G2 − P2| ≤ T2
which are Eq.(1), Eq.(4) and Eq.(21), respectively.
The bounds of the design variables are listed in Table 2
Table 2: The bounds of design variables.
Variables Range Units Current value
mA [0.3, 20] kg 1.6
mB [19, 50] kg 25
LA [0.11, 0.5] m 0.185
LB [0.2 0.8] m 0.462
k [0, 15000] N/m 3730
Hb [0.11, 0.18] m 0.15
T1 [0, 90] N  m 75.7
T2 [0, 90] N  m 75.7
T3 [0, 90] N  m 75.7
Other constant parameters needed are listed in Table 3
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Table 3: The value of relative parameters.
Parameter value Units
m1 4.136 kg
m2 8.225 kg
m3 9.665 kg
m4 1.249 kg
m5 4.185 kg
m6 2.013 kg
mL1 0.631 kg
mL2 2.071 kg
mL3 1.816 kg
mL4 0.340 kg
mL5 0.358 kg
L2 0.79 m
ρA 1.8 kg/m
ρB 3.7 kg/m
5.3. Trajectory design
To evaluate the objectives, the optimization problem needs a
specific a trajectory. We define a representative trajectory of the
end-effector in the base coordinate system, which is
Xe f = 1.5 − 0.25(1 − cos(t))
Ye f = −0.25 + 0.5 × (1 − cos(t/2))
Ze f = 0.5 + 0.5 × (cos(t/2) − 1)
all with unit of m. The Euler angle for the end-effector are given
as [0, pi, pi], which implies that the end-effector remains vertical
and points at the ground during the prescribed motion. To figure
out the Jacobian matrix [J], we equally divide the trajectory into
N = 500 segments.
5.4. Multi-objective design optimization
After formulating the optimization problem, the next step is
to use an appropriate algorithm to search for an optimal design
set. The optimization model is a multi-objective problem, and
all of the constraints must be taken into account. Due to the
complexity and size of the problem, NSGA-II-CDP is chosen
to solve the optimization problem. This algorithm produces a
Pareto front that consists of a set of optimal solutions, which
are not dominated by each other and other solutions.
5.5. Multi-objective optimization algorithm
Fig. 8 is the illustration of the NSGA-II-CDP procedure. In
this procedure, an offspring Qt is produced by the operator of
crossover, mutation and selection from the working population
Pt. Then, a new population Rt is constructed by combing Pt
and Qt. Rt is sorted based on the CDP principle to divide the
population into different fronts. The CDP principle is defined
as follows:
(a) In the case of that solution i and j are both feasible, the
one dominating the other is better.
(b) In the case that solution i is feasible and solution j is in-
feasible, solution i is better than solution j.
Figure 8: NSGA-II-CDP procedure, modified from NSGA-II [20]
(c) In the case that solution i and j are both infeasible, the one
with smaller constraint violation is better than the other.
Each solution is assigned to a non-dominated rank based on
the CDP principle. Moreover, the crowding distance is calcu-
lated to sort the solutions in f3. Then, the first N solutions are
selected to construct the population Pt+1.
The parameters of NSGA-II-CDP are listed as follow:
1. population size = 300
2. population size = 300
3. number of generations = 5000
4. crossover probability = 0.9
5. mutation probability = 1/n, where n = 9 is the dimension
of variables
6. the distribution parameter in the polynomial mutation is 20
7. the distribution parameter in the simulated binary operator
is 20
5.6. Result analysis
The non-dominated solutions, namely Pareto front, is shown
in Fig. 9. It is easy to notice that f1 f2 and f3 are conflicting.
The Pareto-front is combined by two clusters, which are cluster
R with less than 57.33 total mass and cluster S with no less than
57.33 total mass. Each of them is nearly in a straight line, with
Eq.(29) and (30)
f2 =
{ −59.84 f1 + 3438.5 f1 ∈ [56.22, 57.33],
−5.40 f1 + 317.27 f1 ∈ [57.33, 58.72], (29)
f3 =
{ −5.80 f1 + 333.43 f1 ∈ [56.22, 57.33],
−0.52 f1 + 30.631 f1 ∈ [57.33, 58.72], (30)
The obtained solutions are all better than the expert design
in terms of the three objectives. Two extreme points and one
turning point are chosen from the Pareto front as samples, as
shown in Fig. 9. Their designs are compared with the original
design of a human expert, with the design variables and the
three objectives listed in Fig. 10.
Based on preferences of the three objectives, the users can
choose a proper solution on the Pareto-optimal front. Mean-
while, it is worthy to notice that the appearance of three solu-
tions are different, while the friction moments of disks inside
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Figure 9: The Pareto-front and the original design of a human expert is shown
in the objective space, with three cases circled out. The obtained solutions are
all better than the expert design in terms of the three objectives.
the three joints are also different. The differences and the inter-
action among the valuables make the design better. There might
be some principles or meaningful relationships behind the so-
lution data. Therefore, an innovization study is conducted.
5.7. Innovization study
In this section, we perform an innovization study to discover
some meaningful hidden relationships between objectives and
design variables. There should be some common principles
among all or part of the optimal solutions. Then the common
principles can help the designer in future design, e.g. the knowl-
edge discovered from the teaching manipulator design can be
reused when the designer performs a similar teaching manipu-
lator design again. Fig. 11 - 20 illustrate the results of innoviza-
tion study. As examples, we discuss the situation of the three
gravity sensitive joints, including Joint 2, 3 and 5.
At Joint 5, it is easy to notice that mA is fixed at 1.44. while
LA is fixed at 0.2, which is the upper bound of LA. The couple of
valuables keep Joint 5 balance with minimal mass and decrease
the load of the other two joints. The relationships with f1 are
shown in Fig. 11 and 12.
At Joint 3, Counterweight B, its connecting rod and a friction
disk contribute in balancing. Fig. 13 shows the relation of mB
vs f1 and and Fig. 14 shows the relation of LB vs f1. Both
of the curve can be divided into two clusters (Cluster R and
S), representing different situations. The two clusters are in
different linear relations, with Eq.(31) and (32), respectively.
mB =
{
19 f1 ∈ [56.22, 57.33],
1.00 f1 − 38.41 f1 ∈ [57.33, 58.72], (31)
LB =
{
0.27 f1 − 14.98 f1 ∈ [56.22, 57.33],
0.5 f1 ∈ [57.33, 58.72], (32)
Total mass f1 = 57.33 is an important turning point of the
curve. In cluster R, mB keeps at 19, which is its lower bound,
while LB linearly increases until reaching its upper bound, with
a slope at 0.27 along with f1 which is the reciprocal of the mass
per unit length of the connecting rod B (ρB = 1/2.7 = 3.7).
In cluster S, mB have a steady increase with a slope at 1.00
along with f1, while LB stay at 0.5. It means that an increase of
unit length of connecting rod contributes less total mass than an
increase of unit weight of Counterweight B. To keep minimal
total weight, the optimal solution tend to increase LB first and
to increase mB only when LB reach its upper bound.
In Fig. 15, it is illustrated that there is a linear relation be-
tween T3 and f2, with the equation
T3 = 0.91 f2 (33)
It is shown that there is a trade-off between the mass of coun-
terweight B, the length of the connecting rod and the disk 3 fic-
tion moment when comparing Fig. 16, 13 and 12. The moment
to rotate friction disk 3, namely T3, decreases quickly in cluster
R, along with the increase of total mass because the increase
of LB can provide larger moment for balancing. T3 decreases
more slowly in cluster S, along with the increase of mB.
At Joint 2, the gravity balance is kept by the trade-off of the
balancer and friction disk 2. The situation of T2 is similar to
T3 In Fig. 18, the plot shows the relation between the T2 vs
f1, where two clusters are in different decreasing lines with a
turning point at f1 = 57.33. In Fig. 17, the plot shows a linear
relation between T2 and f2. The equation is given as follow.
T2 = 0.80 f2 (34)
Based of Eq.(15), as g and L2 are constant, when | cos q2| = 1,
kHb can represent the tendency of the drafting force of balancer.
kHb vs f1 is shown in Fig. 19. The variant of kHb become
smaller and its mean increasing slightly, along with the increase
of total mass because the increase of mass leads to a larger mo-
ment for balancing in need. To simplify the relation, we can
treat them with a linear relation base on the mean value and
ignore the variant of kHb, with the equation as following.
kHb = 8.84 f1 − 81.27, f1 ∈ [56.22, 58.72], (35)
It is noticed that the dots of cluster R in Fig. 19 distributed
in a triangle region. From Eq.(14) and (22), Me is linearly pro-
portioned to f1. In cluster R, T2 decreases rapidly along with
the increase of f1. In Eq.(21), with a fixed Me, the less T2,
the smaller range of kHb value satisfy the equation, namely a
smaller range of the drafting force of the balancer. The variant
of kHb represents the range of adjustment in terms of the value
of the friction moment of friction disk 2 in Cluster R. As the
total mass increases, the range of adjustment becomes smaller
and gets into a line.
Fig. 20 is the plot of T1 vs f3. The variation of T1 is in a
range from 0 to 5 N  m. As f3 is in a small value, T3 is nearly
0. From Fig. 9, f1 is small when the f3 keeps in large value,
because the solutions are tend to have lighter counterweights
but mount the friction disks with larger friction moments for
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(a) Expert design (b) Optimal solution 1 (c) Optimal solution 2 (d) Optimal solution 3
Figure 10: 3D model of original design and obtained solution
balance, which probabily lead to great variant of the operating
force in the moving process. Therefore, the friction disks in
Joint 1 is used for smoothing the resultant of the operating force
in a trajectory.
Through the innovization study, we can establish some spe-
cific relations between the objectives and design variables.
Meanwhile, we have deeper understanding about the interac-
tion of the design variables of the optimal solutions. The above
knowledge is difficult to be discovered in problem formulation
or normal design procedure (e.g. the linear relation of kHb and
f1). With the knowledge, the designer can design a new teach-
ing manipulator for other applications without a need to repeat
solving the optimization problem again.
6. Conclusion
This paper focuses on modeling and optimizing a teaching
manipulator. In the modeling stage, we formulate the balanc-
ing conditions of the three gravity sensitive joints and model-
ing of the operating force performance. The optimization stage
shows the procedure to formulate and solve a three-objective
constained design optimization problem. An innovization study
is conducted to acquire a deeper understanding about the im-
plicit design principles among multiple solutions.
The three objective functions include the minimization of the
total mass of the device, the maximal operating force needed
and the difference between the maximum and minimum of op-
erating force. An evolutionary multi-objective optimization al-
gorithm, NSGA-CDP is used to solve the multi-objective opti-
mization problem. Compared with the original design of a hu-
man expert, the obtained solutions on the Pareto front are better
in all the three objectives.
A comprehensive innovization study is conducted. The opti-
mal solutions are used for data mining the implicit knowledge
in the optimization problem. The relation equations between
the objectives and design variables are established. Meanwhile,
the interactions among objectives and the variables are dis-
cussed. The obtained knowledge can help the designer to make
decisions more efficiently and effectively in a future design pro-
cedure.
As the next step, we will extend the research of innovization
study. In the paper, we summarize the principles with visual-
ization methods through human observation. However, many
methods have been developed in data mining to automate the
process of innovization [17, 21]. It will be of our great interest
to apply these methods as more powerful tools to extract useful
information from the design automation process.
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Figure 11: Variation of the mass of Counterweight A mA with the total
mass is shown. mA is mostly fixed at about 1.44 kg.
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Figure 12: Variation of the length of Counterweight A connecting rod LA
with the total mass is shown. LA is fixed at about 0.2, which is the upper
bound.
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Figure 13: Variation of the mass of Counterweight B mB with the total
mass is shown. mB stays at the lower bound first, then rises up along with
a straight line.
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Figure 14: Variation of the length of Counterweight B connecting rod
LB with the total mass is shown. LB increases with a slope at 0.27 until
reaching the upper bound, then keeps at 0.5.
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Figure 15: Variation of the fiction moment of Fiction Disk 3 T3 with the
maximal needed operating force f2 is shown, which is a straight line with
a slope of 0.91.
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Figure 16: Variation of the fiction moment of Fiction Disk 3 T3 with the
total mass f1 is shown. T3 decreases quickly in Cluster R and decreases
slowly in Cluster S, with a turning point at 57.33.
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Figure 17: Variation of the fiction moment of Fiction Disk 2 T2 with the
maximal needed operating force f2 is shown, which is a staight line with
a slope of 0.80.
56 56.5 57 57.5 58 58.5 59
0
10
20
30
40
50
60
70
T2=−47.64f1+2737.6
T2=−4.3105f1+253.17
f1
T 2
 
 
Cluster R
Cluster S
Figure 18: Variation of the fiction moment of Fiction Disk 2 T2 with the
total mass f1 is shown. T2 decreases quickly in Cluster R and decreases
slowly in Cluster S, with a turning point at 57.33.
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Figure 19: Variation of product kHb, which represents the tendency of
the drafting force of the balancer, with the total mass f1 is shown. The
mean of kHb is about in a line. However, a specific f1 can match different
values of kHb in Cluster R. The range of kHb becomes smaller along with
the increase of total mass until focusing at about f1 = 57.33, then keeps
increasing in a line.
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Figure 20: Variation of the fiction moment of Fiction Disk 1 T1 with the
total mass f3 is shown. There is a range between 0 to about 5.
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